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QR-Based Algorithm for Eigenvalue Derivatives
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Many engineering optimization problems require the calculation of eigenvalue sensitivities. Several straight-
forward methods have been developed for calculating partial derivatives of distinct complex eigenvalues. Recent
work has expanded these methods to include systems with repeated real eigenvalues. A new method is presented
that embeds eigenvalue derivative computation into an established numerical eigenvalue algorithm, namely, QR
decomposition. The technique is shown to have computational advantages for high-order systems.

Nomenclature
A = square real matrix
e1 = unit vector parallel with Cartesian axis
m = dimension of A
p = vector of parameters on which A depends
s = number of � rst varying parameter
t = number of second varying parameter
v = householder re� ector vector
x = subcolumn of the A matrix

Introduction

T HE algebraiceigenvalueproblem has been studied extensively
for many years because of its wide array of applications in

engineering. Some examples are � nding the natural frequencies of
multi-degree-of-freedom vibrational systems, � nding the principle
stresses in three-dimensional deformable bodies, � nding the prin-
ciple moments of inertia for three-dimensional rigid bodies, and
determiningstability and performanceof feedbackcontrol systems.
The sensitivities of eigenvalues are, thus, important in designing
systems from the preceding examples. First and second derivatives
providea means of determiningsystem robustnessand directlyopti-
mizing a design. In many cases, the system model has a large order,
resulting in large dimension matrices. This motivates the need for
algorithms that are both numerically ef� cient and stable.

Considerable attention has been given to the problem of compu-
tation of the derivativesof the eigenvaluesand eigenvectorsof a lin-
ear system with respect to system parameters. Murthy and Haftka1

surveyed the different numerical methods for performing these op-
erations and provide an extensive reference list of work performed
in this area. As discussed by Murthy and Haftka,1 three classes of
methods have emerged: adjoint, direct, and iterative. Adjoint meth-
ods generally require both left and right eigenvectors for derivative
calculations.The derivativeof a particular eigenvector is expressed
as a weighted sum of the system eigenvectors. One example of
an adjoint method is that by Rogers.2 Direct methods typically in-
volve the solution to a system of linear equations. Unlike adjoint
methods, eigenvector derivatives only involve a single eigenvec-
tor and not the entire eigensystem. Garg,3 as well as Rudisill and
Chu,4 provides examples of direct methods. More recent work by
Jankovic5 presentsa method for computingeigensystemderivatives
applicable to linear and nonlinearproblems.Nelson6 deriveda com-
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putationallyef� cient direct method. Lim et al.7 developeda method
to calculate derivatives of repeated eigenvalues and their eigenvec-
tors using singularvalue decomposition.Zhang and Wei8 presented
a method using a complete modal space. Song et al.9 invented a
simpli� ed method based on Nelson’s ef� cient approach.6 Chen10

demonstrated a method for doubly repeated eigenvalues. Wei and
Zhang11 also presenteda methodusing the generalizedinverse tech-
nique.More recently,Friswell12 and Prells and Friswell13 developed
a methodbasedon Nelson’s method.6 The bulk of the methods men-
tioned are tailored to structural dynamics and, thus, take advantage
of the distinct properties of the generalized eigenvalue problem for
real symmetric matrices. Also, in structuraldynamics applications,
usually only a few eigenvaluederivatives are required. The method
presented in this paper is developed speci� cally for use in design-
ing feedback control systems where the matrix of interest is not
symmetric and, thus, has both real and complex conjugateeigenval-
ues. Moreover, in most feedback control applications, eigenvalue
derivatives for all eigenvalues are required. Ef� cient and reliable
numerical tools exist for computing the eigensystem, such as the
QR algorithm. In this paper, computation of eigenvalue derivatives
is imbeddedinsidethebasicQR algorithmso that eigenvaluederiva-
tives are computed while eigenvalues are generated.

Numerical Calculation of Eigenvalues
Any general real-valued matrix A can be factored into a uni-

tary matrix Q and an upper triangularmatrix R using the following
algorithm14¡18 for k D 1–m:

x D Ak :m;k (1)

vk D sign.x1/kxk2e1 C x (2)

vk D vk=kvk k2 (3)

Ak :m;k :m D Ak :m;k :m ¡ 2vk

¡
vH

k Ak :m;k:m

¢
(4)

End
The QR algorithm is well known and documented in many
sources.14¡18 Note that as the factorization proceeds, the length of
the vectors decreases, thus decreasingthe computationaleffort.The
QR factorization can be used to � nd the matrix’s real or complex
Schur form by iterating. The QR algorithm is typically sped up by
two importantsteps, � rst, by � nding the upperHessenberg form and
second, by applying shifts. The upper Hessenberg form is found by
executing the QR factorization with k taking the values from 1 to
m ¡ 2. The subscripts in Eq. (1) are amended to k C 1:m and k.
Equation (4) is evaluated twice for each k with subscript k C 1:m
and k:m for the � rst evaluationand 1:m and k C 1:m for the second.
After the upper Hessenberg form is obtained, the QR factorization
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is iterated using a shift. The algorithm is, for k D 1; 2; : : : ; m, as
follows:

1) Pick a shift ¾k .
2) Determine the Q and R matrices from the shifted A D A ¡ ¾kI

matrix.
3) Solve A D RQ C ¾k I.
4) Repeat these three steps until convergence.

End
The single-shiftalgorithmis preferredin this work because it results
in complex Schur form, where all eigenvalues, both real and com-
plex, are exposed along the matrix diagonal.The following sections
describe how eigenvalue derivatives can be embedded in the basic
QR algorithm.

Derivatives of a Single Householder QR Factorization
The components of this factorizationcan be differentiatedas fol-

lows. First, assign the x vector derivativesequal to elements k–m of
the kth column of the derivative matrices:

@x
@ps

D
µ

@A
@ps

¶

k :m;k

(5)

@2x
@ps@pt

D
µ

@2A
@ps@pt

¶

k :m;k

(6)

Next, de� ne the derivative of the two-norm of a vector as

@kxk2

@ps
D 1

2
.xH x/¡ 1

2

³
@xH

@ps
x C xH @x

@ps

´
(7)

Then, the � rst derivatives of the vk vector are

@vk

@ps
D sign.x1/

@kxk2

@ps
e1 C @x

@ps
(8)

De� ne the second derivative of the two-norm of a vector as

@kxk2

@ps@pt
D

µ
¡1

4
.xH x/¡ 3

2

³
@xH

@pt
x C xH @x

@pt

´³
@xH

@ps
x C xH @x

@ps

´

C 1

2
.xH x/¡ 1

2

³
@2xH

@ps@pt
x C @xH

@ps

@x
@pt

C @xH

@pt

@x
@ps

C xH @2x
@ps@pt

¶́

(9)

The second derivative is

@2vk

@ps@pt
D sign.x1/

@kxk2

@ps @pt
e1 C @2x

@ps@pt
(10)

The � rst derivative scaling equations are then

@vk

@ps
D 1

kvk k2
2

³
kvkk2

@vk

@ps
¡ vk

@kvkk2

@ps

´
(11)

The second derivative scaling equation is

@2vk

@ps@pt
D 1

kvkk4
2

µ
kvk k2

2

³
@kvkk2

@pt

@vk

@ps
C kvk k2

@2vk

@ps@pt

¡ @vk

@pt

@kvkk2

@ps
¡ vk

@kvk k2

@ps@pt

´
¡

³
kvk k2

@vk

@ps
¡ vk

@kvk k2

@ps

´

£
³

@vH
k

@pt
vk C vH

k

@vk

@pt

´¶
(12)

The system derivative matrices are then updated as follows:
µ

@A
@pt

¶

k:m;k:m

D
µ

@A
@pt

¶

k:m ;k :m

¡ 2
@vk

@pt

¡
vH

k Ak :m;k :n

¢

¡ 2vk

³
@vH

k

@pt
Ak :m ;k :n

´
¡ 2vk

³
vH

k

µ
@A
@pt

¶

k:m ;k :n

´
(13)

µ
@2A

@ps@pt

¶

k :m;k:m

D
µ

@2A
@ps@pt

¶

k:m ;k :m

¡ 2
@2vk

@ps@pt

³
vH

k Ak:m ;k :n

´

¡ 2
@vk

@ps

³
@vH

k

@pt
Ak:m ;k :n

´
¡ 2

@vk

@ps

³
vH

k

µ
@A
@pt

¶

k:m ;k :m

´

¡ 2
@vk

@pt

³
@vH

k

@ps
Ak:m ;k :n

´
¡ 2vk

³
@2vH

k

@ps@pt
Ak :m;k :n

´

¡ 2vk

³
@vH

k

@ps

µ
@A
@pt

¶

k :m;k :m

´
¡ 2

@vk

@pt

³
vH

k

µ
@A
@ps

¶

k :m;k :m

´

¡ 2vk

³
@vH

k

@pt

µ
@A
@ps

¶

k :m;k :m

´
¡ 2vk

³
vH

k

µ
@2A

@ps@pt

¶

k :m;k :m

´

(14)

When these derivativesare combined with the preceding algorithm,
the following algorithm for computing � rst and second derivatives
of a single HouseholderQR factorizationemerges for k D 1: m ¡ 1:

1) Solve x D Ak :m;k .
2) Compute @x=@ps using Eq. (5).
3) Compute @2x=@ps@pt using Eq. (6).
4) Solve vk D sign.x1/kxk2e1 C x.
5) Compute @kxk2=@ps using Eq. (7).
6) Compute @vk=@ps using Eq. (8).
7) Compute @2kxk2=@ps@pt using Eq. (9).
8) Compute @2vk=@ps@pt using Eq. (10).
9) Scale @2vk=@ps@pt using Eq. (12).
10) Scale @vk=@ps using Eq. (11).
11) Solve vk D vk=kvk k2 .
12) Update @2A=@ps@pt using Eq. (14).
13) Update vk D @A=@ps using Eq. (13).

End
The preceding steps generate the upper triangular matrix R and its
� rst and second derivatives.

Derivatives of the Unitary Transformation Matrix
The following steps are required to calculate the unitary matrix

Q and its � rst and second derivatives.Given the formula for a single
Householder unitary re� ector matrix F,

F D I ¡ 2.vvH =vH v/

The � rst and second derivatives of this matrix are given as

@F
@ps

D ¡2
@v

@ps
vH ¡ 2v

@vH

@ps

@2F
@ps @pt

D ¡2
@2vk

@ps@pt
vH

k ¡ 2
@vk

@ps

@vH
k

@pt

¡ 2
@vk

@pt

@vH
k

@ps

¡ 2vk
@2vH

k

@ps@pt

The unitary matrix Q is given as the product of m re� ectormatrices:

Q D
µ

I 0

0 F1

¶µ
I 0

0 F2

¶ µ
I 0

0 F3

¶
¢ ¢ ¢

µ
I 0

0 Fm

¶

Q D Q1Q2 ¢ ¢ ¢ Qm

The � rst derivative of Q is, thus, given as a sum of products of Qi

and @Qi =@ps :

@Q
@ps

D @Q1

@ps
Q2 ¢ ¢ ¢ Qm C Q1

@Q2

@ps
Q3 ¢ ¢ ¢ Qm

C Q1Q2 ¢ ¢ ¢ @Qm¡1

@ps
Qm C Q1Q2 ¢ ¢ ¢ Qm¡1

@Qm

@ps
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The second derivative of Q then follows as the sum of products
of Qi;@Qi=@ps , @Qi =@pt , and @2Qi=@ps @pt :

@ 2Q
@ps@pt

D @2Q1

@ps@pt
Q1 ¢ ¢ ¢ Qm C @Q1

@ps

@Q2

@pt
Q3 ¢ ¢ ¢ Qm

C @Q1

@ps
Q2 ¢ ¢ ¢ @Qm

@pt
C @Q1

@pt

@Q2

@ps
Q3 ¢ ¢ ¢ Qm

C Q1
@2Q2

@ps@pt
Q3 ¢ ¢ ¢ Qm C Q1

@Q2

@ps
Q3 ¢ ¢ ¢ @Qm

@pt

C ¢ ¢ ¢

C
@Q1

@pt
Q2 ¢ ¢ ¢

@Qm ¡ 1

@ps
Qm C Q1

@Q2

@pt
¢ ¢ ¢

@Qm ¡ 1

@ps
Qm

C Q1Q2 ¢ ¢ ¢ @ 2Qm ¡ 1

@ps@pt
Qm C Q1Q2 ¢ ¢ ¢ @Qm ¡ 1

@ps

@Qm

@pt

C
@Q1

@pt
Q2 ¢ ¢ ¢ Qm ¡ 1

@Qm

@ps
C Q1

@Q2

@pt
¢ ¢ ¢ Qm ¡ 1

@Qm

@ps

C Q1Q2 ¢ ¢ ¢
@Qm ¡ 1

@pt

@Qm

@ps
C Q1Q2 ¢ ¢ ¢ Qm ¡ 1

@2Qm

@ps@pt

QR Algorithm for Eigenvalue Derivatives
By the use of the preceding de� nitions, the following algorithm

yeildseigenvaluederivativeswhile eigenvaluesderivativesare com-
puted. First, � nd the upper Hessenberg form of the system and sys-
tem derivativematricesfork D 1: m ¡ 2; then,performthe following
steps:

1) Assign x, @x=@ps , and @2x=@ps@pt equal to the k C 1:m rows
and kth column of the system dynamics matrix and appropriate
derivatives, respectively.

2) Compute vk using Eq. (2).
3) Compute @kxk2=@ps using Eq. (7).
4) Compute @vk=@ps using Eq. (8).
5) Compute @ 2kxk2=@ps@pt using Eq. (9).
6) Compute @ 2vk=@ps@pt using Eq. (10).
7) Compute @kvk k2=@ps using Eq. (7).
8) Compute @ 2kvk k2=@ps@pt using Eq. (9).
9) Scale @2vk=@ps@pt using Eq. (12).
10) Scale @vk=@ps using Eq. (11).
11) Scale vk using Eq. (3).
12) Update @2A=@ps@pt using Eq. (14) with subscripts k C 1:m

and k:m.
13) Update @2A=@ps@pt using transposedversionof Eq. (14) with

subscripts 1:m and k C 1:m .
14) Update @A=@ps using Eq. (13) with subscripts k C 1:m and

k:m .
15) Update @A=@ps using transposed version of Eq. (13) with

subscripts 1:m and k C 1:m .
16) Update A using Eq. (4) with subscripts k C 1:m and k:m.
17) Update A using transposedversion of Eq. (4) with subscripts

1:m and k C 1:m.
End

The HessenbergpermutationmatrixP and its � rst andsecondderiva-
tives are found just as in the single QR step, except that the dimen-
sions of the re� ector matrices F are amended.

After the Hessenberg form is obtained, a single-shift QR algo-
rithm with complex shifts admissible is employed.At each step, the
lower right-hand 2 £ 2 portion of the matrix is tested for complex
eigenvalues. If the eigenvalues are complex, a complex shift equal
to an eigenvalue is selected until convergence of the last row. For
consistency, a shift equal to the complex conjugate of the resulting
eigenvalue for the next to last row is chosen. If the eigenvalues are
real, we choose a real shift equal to the bottomright matrix element.
The single-shift approach is preferred instead of the double-shift
approach because in the single-shift approach, the complex eigen-
valuesand their derivativesare exposedalong the R matrix diagonal.
In the double-shift case, there is no intuitively obvious relationship

between the resulting real @R=@ps , @R=@pt , and @2R=@ps@pt matri-
ces and the eigenvalue derivatives that occur in complex-conjugate
pairs. The resulting algorithm is as follows for k D 1; 2; : : : ; m:

1) Pick a shift ¾k

2) Determine the Q, R, @Q=@ps , @Q=@pt , @2Q=@ps@pt , @R=@ps ,
@R=@pt , and @2R=@ps@pt matrices from the shifted A D A ¡ ¾kI
matrix.

3) Solve the following:

A D RQ C ¾k I

@A
@ps

D @R
@ps

Q C R
@Q
@ps

;
@A
@pt

D @R
@pt

Q C R
@Q
@pt

@2A
@ps @pt

D @2R
@ps@pt

Q C @R
@ps

@Q
@pt

C @R
@pt

@Q
@ps

C R
@2Q

@ps@pt

Repeat steps 1–3 until convergence.
End

Comparison of Computational Ef� ciency
The ef� ciency of the proposed method is compared with that of

Rudisill and Chu.4 Rudisill and Chu’s method is well known and
is a practical, direct way of calculating eigenvalue and eigenvec-
tor derivatives. The eigenvalue � rst derivatives are computed by
the inner product of left and right eigenvectors with the A matrix
� rst derivative. Right eigenvector derivatives are found by append-
ing a scaling equation to the singular linear system formed from
differentiating the algebraic eigenvalue problem. The left and right
eigenvector � rst derivativesare required to compute the eigenvalue
second derivatives.Here, we are only comparing the ability to com-
pute eigenvalue � rst and second derivatives ef� ciently. The eigen-
value � rst derivatives are computed easily as the inner product of
left eigenvector,A matrix derivative,and right eigenvector.Comput-
ing the second derivativeusing Rudisill and Chu’s method requires
the computation of a complete set of right and left eigenvector � rst
derivatives. The right eigenvector derivatives each require the so-
lution of m C 1 linear equations after multiplying the respective
right eigenvector by an m C 1 by m matrix, consisting of the A ma-
trix derivative. Counting m inversions of m C 1 by m C 1 matrices
along with the 3m inner products, as well as m products of the
augmented matrix and right eigenvectoralong with determining the
complete set of eigenvalues and vectors, the total operations count
is approximately

.11=3/m4 C 8m3 C 15m2 C 5m (15)

In contrast, the proposed method computes the eigenvalues and
derivatives simultaneously. There is no need to compute system
eigenvectors.Essentially, this method requires the standard QR op-
erations count multiplied by an integer. Essentially, the Hessenberg
reduction takes six times the number of operations required for � rst
derivativesas for eigenvaluesalone and nine times as many for sec-
ond derivatives.Because the typical Hessenberg reduction requires
.10=3/m3 operations (see Ref. 14), this portion of the algorithm for
derivatives takes .160=3/m3 operations. Each QR factorization re-
quires three times the number of operations for � rst derivatives as
for eigenvaluesalone and nine times as many for second derivaties.
For a Hessenberg matrix, the base number is m2, and so each QR
factoriztion, including derivatives, costs a total of 26m2 operations.
Typically, the matrix will reduce to Schur form in 2m QR itera-
tions or less (see Ref. 17), so that the total computational cost is
.238=3/m3 operations. The two methods are compared in Fig. 1,
where the proposed method has an obvious advantage for systems
of order 20 or greater.

Numerical Example
To demonstrate the relevance of this algorithm to the discipline

of control, we exercise it in the following control example. The
following matrices are a linear time-invariant description of the
longitudinal dynamics of an aircraft:
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Fig. 1 Operations count comparison.

QA D

2

664

¡0:7 ¡0:046 ¡12:2 0

0 ¡0:014 ¡0:2904 ¡0:582

1 ¡0:0057 ¡1:4 0

1 0 0 0

3

775

QB D

2

664

¡19:1 ¡3:1

¡0:012 ¡0:0096

¡0:14 ¡0:72

0 0

3

775 ; QC D [0 0 ¡1 1]

QD D [0 0]

Consider the case of static output feedback applied to the preced-
ing system. The closed-loopsystem dynamics matrix is A ¡ BK C .
The eigenvalue derivatives are computed with a gain matrix of
K D [0:8I 0:2] using the proposed method and compared with � -
nite difference approximations. The results shown hereafter agree
favorably:

@A
@p1

D

2

6664

0 0 19:1 ¡19:1

0 0 0:012 ¡0:012

0 0 0:14 ¡0:14

0 0 0 0

3

7775

@A
@p2

D

2

6664

0 0 3:1 ¡3:1

0 0 0:0096 ¡0:0096

0 0 0:72 ¡0:72

0 0 0 0

3

7775

The second derivative of the closed-loop system matrix is zero for
D D 0. The proposed method computes

@¸

@p1
D

2

664

0:93485 C 0:3547i

0:93485 ¡ 0:3547i

¡1:7299

0:00016501

3

775

@¸

@p2
D

2

664

0:17368 C 0:028124i

0:17368 ¡ 0:028124i

0:37256

0:000089266

3

775

@2¸

@p1@p2
D

2

664

0:024984 C 0:052727i

0:024984 ¡ 0:052727i

¡0:050242

¡0:000079065

3

775

The � nite difference approximationsare

@¸

@p1
D

2

664

0:93485 C 0:3547i

0:93485 ¡ 0:3547i

¡1:7299

0:00016501

3

775

@¸

@p2
D

2
664

0:17368 C 0:028124i

0:17368 ¡ 0:028124i

0:37256

0:000089266

3
775

@2¸

@p1@p2

D

2

664

0:025108 C 0:052601i

0:025108 ¡ 0:052601i

¡0:050138

¡0:000079061

3

775

Conclusions
By embedding eigenvalue derivative computation inside a well-

established numerical eigenvalue routine, a method to compute
eigenvalue derivatives reliably and ef� ciently has been developed.
The method uses a single shift QR algorithm, resulting in the ma-
trix complex Schur form and its � rst and second derivatives. This
method is valid for systems with eigenvalues of distinct absolute
value. For high-order systems, the QR-based approach is competi-
tive, if not superior, in ef� ciency to established methods when the
� rst and second eigenvalue derivatives are required.
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